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Speed of cool soft pions
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The speed of cool pions in the chiral limit is analytically computed at low temperature within the imaginary
time formalism to two loop order. This evaluation shows a logarithmic dependence in the temperature where
the scale within the logarithm is very large compared to the pion decay conSa8666-282(98)06217-1
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The dynamics of pions in a thermal bath has been studiedrangian with an increasing number of derivatives corre-
intensively in the past few yeaf$—6] because its absorptive sponding to an expansion in powers of momen{@&h
and dispersive properties can determine the thermalization " + 12
processes occurring in the aftermath of high-energy nuclear Letr=2F5TMd,U"UT+Ly(Tra,Ud"UT])
collisions. _ _ +L,Tra,Ua, UM T a*Ua" UM+ Lo+ . (2

In the limit of exact chiral symmetry, pions are true Gold- o o
stone bosons and as such, they travel at the speed of light frortunately, the explicit form ofCs, giving the tree level
the vacuum. At a nonzero temperature, however, relativisti€ounterterms to be used in a two loop computation, is not
invariance is lost, the thermal bath providing a priviliged rest'équired because its contribution at tree level is independent
frame and pions travel at less than the speed of light. AcOf the temperature. A very efficient technique which orga-
cordingly, the pion dispersion relation as a function of mo-Nizes the graphs to be computed is provided by background
mentum must be modified. In chiral perturbation theory tolI€!d perturbation theory. Here, théfield is parametrized by
leading order in low temperature, this modification ﬁrstU=§(x)h(x)§(_x) Wheref(x)=expg7'rc|/2F_w) is a class|_ca|
shows up at two loopsy T*/F%, but in a linears model the backgroung field andh(x)=exp(=/F,) is a fluctuating
effect already appears at one loop ordeff*/F2m2 [5]. guantum field. When the Lagrangian is written in termg of

Only very recently[6], the speed of thermal pions has and h it_becomes_ﬁ(vr,_A,V)._This lagrangian has an exact
been explicitly computed. This has been obtained from thdocal crqyral Su2) nvanance implemented by the connection
axial current two-point correlator in the real time formalism V= (§'9,.¢+£9,£)/2. Such an'EId 1S notTpropagatmg and
within chiral perturbation theory. There, some integrals hadhe remaining fieldsm,A,=(£"0,£—£3,£7)/2, transform
to be numerically computed due to its complexity. The finalcovariantly under S(2) transformations. Thus, the covariant
result shows a logarithmic dependence in the temperature, derivative on quantum fluctuations is

D,m=d,m+[V,,7]. 3)

2_41_ (T4 4
v7=1=(T727F) logA/T), @ It is our aim here to compute the effective actibprr]

where the scale obtained /s~1.8 GeV. in order to obtain the pion inverse propagator from two func-

In this Brief Report, we follow a rather different approach t|onal_der|vat|ons. This can be computed from the following
to the evaluation of the speed of the pion. We will work in €auality[9]: o
the imaginary time formalism and use the background field INESIENES ;A[wd],V[Trc,]]h,d:O, 4
method to compute the required piece of the effective action.
As we shall see below, only diagrams having external zeravhere I'[ 7, ; Al 7 ],V[ 7 ]] is calculated restricting our-
momentum and energy are required. Thus, we take advaRg|yes to diagrams with no external, lines. These dia-

tage of the methods developed by Amold an ZP&ito  grams are the one-particle-irreducible subset with only inter-

analytically compute integrals associated with higher-loopnal 7 lines and external, A, lines. Since the required
por :

vacuum bubbles of the partition function in gauge theories, iece of the effective acton is quadratic i and the
We find a result which is in agreement with the one previ-p q el

ously given by Toublarj6] except for the scale within the expansion of backg.round fieds is 3
logarithm. Here we find\ ~4.3 GeV. In spite of this differ- A,=(12F ;) d, 1+ O(7g),
ence, the behavior of the pion speed is not greatly modified 5 4
in the range of temperature where this calculation can be V= (18FZ) [mey,dyma]+ O(rg), ®)
trusted, T<F ..

In the limit of exact chiral symmetry SU(2X SU(2)x
v_vhich is spontanec_)usly broken to SU(2)the pi(_)n inte_rac— T[0:A[ Wcl]!v[ﬂ'cl]]:f d4XVZ(X)<Vi(X)>1PI
tion at small energies is known from the effective chiral La-

we only need to consider the first few terms of the expansion

1
— | 5] [ atxay A0AL ANy Ay +
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Expandingh up to order 1Ff; we get forL,

- 1 - .1 - - -
Lo(mAN)=~F2TH A, A+ 2T D, 7D 7]~ ZTH[A, 712 ~iF ;T 9, 7A, ] +iF ;T 7[ V,A]]

+ ETI’[(W’F(?MW— md, mm)A,]— ETr[(ww)(V—A) T(V+A)7]+ ETr[(Trﬂ')Z(V—A)(V-I—A)]

w K

Tr[(7T7T)[V Alm]+ %Tr[ 7777)[77 ad,mIVH]. (7)

m

12F
For £, we write only the terms that will contribute at tree and one loop order:
L4=Ly{— (8/F2)TIA AT, 70" 7] — (16/F2)TI[A,d* T T A, 7]}

+Lo{— (8/F2)TIA A T * 7o m]— (4IF)TIA 0,7+ A0, T T A* T+ A # ]+ (8)

The diagrams we have to compute from, are in Fig. 1. where we have approximated the euclidean thermal propaga-
The first gives a tree level COﬂtI’IbUtIOn(AaAb> tor A(K+Q—P)=A(K+ Q) because the required quadratic
= —4F25%5,,. The fourth, fifth, and the sixth dlagrams dependence i [see Eq.(15) below] is already present in
vanish trivially due to the form of the vertices involved and the derivatives of\[ ]. Hence, it suffices to evaluate the
we have(V2);p=0 up to two loops. The second, third, and sunset graph at zero external momentum. Some details for
the seventh diagrams are necessarily proportionatto In  this calculation are given in the Appendix. The end result for
consequence they give a contribution proportional tothe sunset contribution takes the form,Rft=0

P#P"é,, which vanishes on shell. Then, only the last dia-

gram at zero momentum remains to be computed. With thiF_ pﬂ(AaAb> p&

short-hand notation p
Tre—p?s >, f ds_—ze_kz, (9) 1 sab? L7 2T4
. ko=27nT J (277) _F_4 p —QE‘FW Og
it reads m
1 46T4 T4 4 4
PH(AZAD)PY= ———5abTrQTrK[((PK)2+(PQ) ~To15+ g7Pd16m) + —=- ' (=3)+ 5~ {'(— D)
+PKPQA(Q)A(K)A(K+ (10) 207
QAQAKAK+Q)], 2T o), 1)
T

9
QQ00A0Q00/ *-QQDSQO.O.O.QJ 2:;' wherep denotes the three momentum. The only contribution

from L, is (see Fig. 2

1 jaampe. L 12560%
EP <A#AV>P —F 1 Fi ——— (L4t 2L5)

WVQ “\/8 ~\<>O XTro(PQ*A(Q)

_ 64n? p2T4
=" 5 (L1+ 2L,)
é % L@@w X| 1+ €| 240" (—3)— e

2
o 13 )
FIG. 1. Diagrams contributing fron,. The curly lines are +log 47T-|—2) + 6 +0(e) |
associated with the background field A, the wiggly lines with V,
and the plain ones with the quantum fluctuations. (12
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with A=4300 MeV. Notice that we have obtained an ana-
lytic expression

01 2y 1 8
FIG. 2. Diagram contributing front,. B 4860+ 81 81 og( )= §§ (=1)
The renormalization at finite temperature is the same as 200 20
for T=0. This means that the use of the renormalization N 7( (=3)- Qg (4)=-0.0538, (20
prescription[8]

o _
Li=Li(w) 3277

for the constant in Eq(17). This constant was computed by
£+|OQ(47T)+1—’)/E), (13) n_umerical_ int_egration iné6], Where the _value—O.QZOZ is
€ given. This discrepancy explains the difference in the scale
A from 1.8 GeV to 4.3 GeV. However, this difference be-

Yi

with y,=1/12 andy,=1/6 for SU2) must cancel the pole tween logarithmic scales has a moderate impact on the quan-

terms. Indeed, putting together the contributions comingitative behavior of the pion speed in the range of tempera-

from £, and L, the poles cancel as they should. ture where this calculation can be trusted. Thus, the change
Now we can easily obtain the inverse propagator produced inv? is less than 6% up td~100 MeV.

The pion damping rate can also be computed easily within

1 T[] the imaginary time formalism at leading order. The result is
Aab(x'y)zéwal(x)éwbl(y) y(p) = p?T3log(T/p)/(187F2%)+ O(p®) in agreement with
¢ ¢ 7 =0 the one previously reported [2,10].
1 How do we extend these results to the case of nonzero
__ L7 AR () AP _ 14 quark masses? In principle, this question could be answered
4F2 " WALIALY D ze (4 by considering the new graphs coming from the breaking
part of the effective Lagrangiamb,eaking:FfTM T xU"
In momentum spacé ;}(P)=6°(A, Y(P)+3(P)). Thus, +x'U]+ ... , whereé=2Bm, with mthe quark mass ma-

we can read the dispersion relation from the retarded propedrix. However, the use of background field perturbation
self-energys"™(w,p) which can be obtained from the eu- theory which in the chiral limit greatly reduces the number
clidean counterpart by analytic continuation B2&Y(w,p) of graphs to be computed, does not seem to simplify the

=3 (po=—iw+0",p). If the retarded inverse propagator computation now, since the Lagrangidii,&,y) obtained
has a zero located at= w(p)—iy(p) with y(p)>0 we get  after the splitting ofU has lost its(local) invariance under
. S ) chiral transformations. Moreover, the integrals involved are
v?=1+ ReX®(w=p)/p*, (15 complicated by the pion mass, making their analytical com-
putation more difficult. We hope to address this question in
y(p)=—1m X"*{w=p)/2p. (18 the future.
Then the speed of the pions in the chiral limit is Discussions with M. A. Gonand J. L. Mars are grate-
fully acknowledged. J.M.M. was supported by a UPV/EHU
) 4 w\ 64 ; , grant. This work has been also partially supported by CICYT
vi=1- 7| 57109 |+ 5 (La(w) +2L5(w) under project No. AEN96-1668 and the University of the
m Basque Country grant UPV-EHU 063.310-EB225/95.
101 2y 1 8
ag60" 81 g1 °916m g~ 1) APPENDIX

200 20 To do our calculations we follow Arnold and Zhr]
- fg’(—3)— —{'(4) |+ O(p). (17 which allows us to evaluate the sum-integrals analytically.
9w We can rewritte Eq(10) (without the factors in front of jtas

This is the main result of this letter. The scaleenters the 1 LPVTT Y
calculation in such a way that, had we used a different scale 3 TIRA(QIIP#PITFQ)
u' but kept the speed invariant, we would have had +3(PQ)2II(Q)+2P?TrcA(K)], (A1)

Li(s')=Li(w) = (vi/167%) log(u'lm),  (18)  where

which is the correct result for the running chiral coefficients. T~ =Tr[ (2K + O)4(2K + O) A (K)A (K +

At the scale of the mass of the pion=m_, we take[11,6] @ ol( Q" QAKIAKFQ)]

32m2(L}+2L5)=1.66 to yield —2 8" TreA(K), (A2)
v?=1— (TY27F}) log(A/T), (19 1(Q)=TrA(K)A(K+Q). (A3)
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We start with the term proportional 18(Q). As the result is Now we have to evaluate §A(Q)P#P"II*"(Q). We
independent of the direction @f we average over its angles ¢an use the orthogonality proper@*11#*(Q)=0 to trans-

in d—1 dimensions, form it into (after the average over the anglesrx)f
N 2
Tro(Podo+ PA)*A(Q)II(Q) TroP“PTI*"(Q)A(Q) = — 432p +| p2- (dp— 1))
2 p2
— 2_ p 2 00
—(po —d_l)TrQ GWI(QAQ)+ g7y Tre THQ). X TrolI®A(Q), (A10)

(A4)  Where has been usedJX(Q)=T#12. Following the same
steps as for the case bF(Q) we get:
Following [7] we splitI1(Q) into two terms 4

1(Q)=1(Q)+1M(Q), (A5) TrolIA(Q)= -

where I1©(Q) is the zero-temperature contribution and —540¢'(—1))+O(e), (A11)
HMQ)=MM(Q)+I1"V(Q) is the temperature dependent

piece. Although1("(Q) is UV finite, its largeQ asymptotic . o0 A(Q)=
behaviorIIVV(Q) ~ 1/Q?, gives rise to a UV divergence in Qv
TroaglI™M(Q)A(Q). Thus, it is useful to evaluate separately

1080(1 21ye—288Q'(—3)

7T 7yeT* 1 774
S0 T + + {'(4)
720 360 2160 4.4

the three contributions, 7T u?
Lo ~ 360 |Og( P +0O(e), (A12)
TrogsA(QTTM(Q)= 7+3yg+144Q" (-3
QUoA(Q) (Q) 1080( YE Q'(—3) A T4 1 T4§ a 7ET4 1174
r =————
+180' (— 1))+ O(e), (A6) Qo 1440 € 720 2160
4 2
19T T4 1 Thye T4 T ( M )
Wiy o L o+ T YE —===log| —— | +O(e). (A13)
TroGoA (QT™(Q)=~ 5765~ 756 . ~ 360 ~ 360 720 77| 47T
2 T4 Adding up all contributions we finally obtain the result given
Iog( —2) +—{'(4)+0(e), in Eq. (11).
Amr The contribution from the counterterms is proportional to

(A7) TrQ(PQ)zA(Q). This is required up to ordes because of
the pole in (;,+2L,),

TrodoA(QM(Q) =~ 756 =~ &5+ Za0

4

Trol,
(A14)

2 2 2
TrQ(PQ)ZA(Q)z(pS— (dpfl)> TrQ( g‘;) (dp 5

log(4 m)—T*¢'(—3)

240 where the last term is zero in dimensional regularization. The
T4 m other term gives
—log| =]+ O(e). (A8)
2 T 2n2
Tro(PQ)?A(Q)= 1+ €| 240 (—3)—
The remaining integral in EqA4) gives o(PQRAQ) € 2407377
Troll —T12 e A9 tiog| 4|+ 23 A15
roll(Q)= 2| ~1aa (€). (A9) oo 2T (A15)
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