
PHYSICAL REVIEW D, VOLUME 58, 097901
Speed of cool soft pions

J. M. Martı́nez Resco* and M. A. Valle Basagoiti†
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The speed of cool pions in the chiral limit is analytically computed at low temperature within the imaginary
time formalism to two loop order. This evaluation shows a logarithmic dependence in the temperature where
the scale within the logarithm is very large compared to the pion decay constant.@S0556-2821~98!06217-1#

PACS number~s!: 11.10.Wx, 12.39.Fe, 14.40.Aq
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The dynamics of pions in a thermal bath has been stud
intensively in the past few years@1–6# because its absorptiv
and dispersive properties can determine the thermaliza
processes occurring in the aftermath of high-energy nuc
collisions.

In the limit of exact chiral symmetry, pions are true Gol
stone bosons and as such, they travel at the speed of lig
the vacuum. At a nonzero temperature, however, relativi
invariance is lost, the thermal bath providing a priviliged re
frame and pions travel at less than the speed of light.
cordingly, the pion dispersion relation as a function of m
mentum must be modified. In chiral perturbation theory
leading order in low temperature, this modification fir
shows up at two loops,;T4/Fp

4 , but in a linears model the
effect already appears at one loop order,;T4/Fp

2 ms
2 @5#.

Only very recently@6#, the speed of thermal pions ha
been explicitly computed. This has been obtained from
axial current two-point correlator in the real time formalis
within chiral perturbation theory. There, some integrals h
to be numerically computed due to its complexity. The fin
result shows a logarithmic dependence in the temperatu

v2512 ~T4/27Fp
4 ! logL/T), ~1!

where the scale obtained isL'1.8 GeV.
In this Brief Report, we follow a rather different approac

to the evaluation of the speed of the pion. We will work
the imaginary time formalism and use the background fi
method to compute the required piece of the effective act
As we shall see below, only diagrams having external z
momentum and energy are required. Thus, we take ad
tage of the methods developed by Arnold an Zhai@7# to
analytically compute integrals associated with higher-lo
vacuum bubbles of the partition function in gauge theori
We find a result which is in agreement with the one pre
ously given by Toublan@6# except for the scale within the
logarithm. Here we findL'4.3 GeV. In spite of this differ-
ence, the behavior of the pion speed is not greatly modi
in the range of temperature where this calculation can
trusted,T,Fp .

In the limit of exact chiral symmetry SU(2)L3SU(2)R
which is spontaneously broken to SU(2)V , the pion interac-
tion at small energies is known from the effective chiral L
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grangian with an increasing number of derivatives cor
sponding to an expansion in powers of momentum@8#:

Le f f5
1
4 Fp

2 Tr@]mU]mU†#1L1~Tr@]mU]mU†# !2

1L2Tr@]mU]nU†#Tr@]mU]nU†#1L61••• . ~2!

Fortunately, the explicit form ofL6, giving the tree level
counterterms to be used in a two loop computation, is
required because its contribution at tree level is independ
of the temperature. A very efficient technique which org
nizes the graphs to be computed is provided by backgro
field perturbation theory. Here, theU field is parametrized by
U5j(x)h(x)j(x) wherej(x)5exp(ipcl/2Fp) is a classical
backgroung field andh(x)5exp(ip̃/Fp) is a fluctuating
quantum field. When the Lagrangian is written in terms oj
and h it becomesL(p̃,A,V). This lagrangian has an exac
local chiral SU~2! invariance implemented by the connectio
Vm5(j†]mj1j]mj†)/2. Such a field is not propagating an
the remaining fieldsp̃,Am5(j†]mj2j]mj†)/2, transform
covariantly under SU~2! transformations. Thus, the covaria
derivative on quantum fluctuations is

Dmp̃5]mp̃1@Vm ,p̃#. ~3!

It is our aim here to compute the effective actionG@pcl#
in order to obtain the pion inverse propagator from two fun
tional derivations. This can be computed from the followi
equality @9#:

G@pcl#5G̃@p̃cl ;A@pcl#,V@pcl##up̃cl50 , ~4!

where G̃@p̃cl ;A@pcl#,V@pcl## is calculated restricting our
selves to diagrams with no externalp̃cl lines. These dia-
grams are the one-particle-irreducible subset with only in
nal p̃ lines and externalVm ,Am lines. Since the required
piece of the effective action is quadratic inpcl , and the
expansion of background fieds is

Am5~ i /2Fp! ]mpcl1O~pcl
3 !,

Vm5~1/8Fp
2 ! @pcl ,]mpcl#1O~pcl

4 !, ~5!

we only need to consider the first few terms of the expans

G̃@0;A@pcl#,V@pcl##5E d4xVm
a ~x!^Vm

a ~x!&1PI

1
1

2E E d4x d4y Am
a ~x!^Am

a ~x!An
b~y!&1PIAn

b~y!1••• .

~6!
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Expandingh up to order 1/Fp
4 we get forL2

L2~p̃;A,V!52Fp
2 Tr@AmAm#1

1

4
Tr@Dmp̃Dmp̃#2

1

4
Tr@@Am ,p̃#2#2 iF pTr@]mp̃Am#1 iF pTr@p̃@V,A##

1
2i

3Fp
Tr@~p̃W p̃W ]mp̃2p̃W ]mp̃W p̃ !Am#2

1

6Fp
2
Tr@~p̃W p̃W !~V2A!p̃~V1A!p̃#1

1

6Fp
2
Tr@~p̃W p̃W !2~V2A!~V1A!#

2
5i

12Fp
Tr@~p̃W p̃W !@V,A#p#1

1

6Fp
2
Tr@~p̃W p̃W !@p,]mp#Vm#. ~7!

For L4 we write only the terms that will contribute at tree and one loop order:

L45L1$2 ~8/Fp
2 !Tr@AmAm#Tr@]mp̃]mp̃#2 ~16/Fp

2 !Tr@Am]mp̃#Tr@An]np̃#%

1L2$2 ~8/Fp
2 !Tr@AmAn#Tr@]mp̃]np̃#2 ~4/Fp

2 !Tr@Am]np̃1An]mp̃#Tr@Am]np̃1An]mp̃#%1••• . ~8!
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The diagrams we have to compute fromL2 are in Fig. 1.
The first gives a tree level contribution̂ Am

a An
b&

524Fp
2 dabdmn . The fourth, fifth, and the sixth diagram

vanish trivially due to the form of the vertices involved an
we havê Vm

a &1PI50 up to two loops. The second, third, an
the seventh diagrams are necessarily proportional todmn. In
consequence they give a contribution proportional
PmPndmn which vanishes on shell. Then, only the last d
gram at zero momentum remains to be computed. With
short-hand notation

TrK→m2e (
k052pnT

E d322ek

~2p!322e
, ~9!

it reads

Pm^Am
a An

b&Pn52
1

3!

64

Fp
2

dabTrQTrK@„~PK!21~PQ!2

1PKPQ…D~Q!D~K !D~K1Q!#, ~10!

FIG. 1. Diagrams contributing fromL2 . The curly lines are
associated with the background field A, the wiggly lines with
and the plain ones with the quantum fluctuations.
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where we have approximated the euclidean thermal prop
tor D(K1Q2P).D(K1Q) because the required quadrat
dependence inP @see Eq.~15! below# is already present in
the derivatives ofA@pcl#. Hence, it suffices to evaluate th
sunset graph at zero external momentum. Some details
this calculation are given in the Appendix. The end result
the sunset contribution takes the form, atP250,

1

4Fp
2

Pm^Am
a An

b&Pm

5
1

Fp
4

dabp2S 2
T4

54

1

e
1

gET4

81
2

2T4

27
logS m

T D
2

46T4

1215
1

T4

81
log~16p!1

80T4

27
z8~23!1

8T4

9
z8~21!

1
20T4

9 p4
z8~4!1O~e!D , ~11!

wherep denotes the three momentum. The only contribut
from L4 is ~see Fig. 2!

1

4Fp
2

Pm^Am
a An

b&Pn52
1

4Fp
2

1

2!

256dab

Fp
2 ~L112L2!

3TrQ~PQ!2D~Q!

52
64p2

45

p2T4

Fp
4 ~L112L2!

3F11eS 240z8~23!2gE

1 logS m2

4pT2D 1
13

6 D 1O~e2!G .

~12!
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The renormalization at finite temperature is the same
for T50. This means that the use of the renormalizat
prescription@8#

Li5Li
r~m!2

g i

32p2S 1

e
1 log~4p!112gED , ~13!

with g151/12 andg251/6 for SU~2! must cancel the pole
terms. Indeed, putting together the contributions com
from L2 andL4 the poles cancel as they should.

Now we can easily obtain the inverse propagator

Dab
21~x,y!5

d2G@pcl#

dpcl
a ~x!dpcl

b ~y!
U

pcl50

52
1

4Fp
2

]x
m]y

n^Am
a ~x!An

b~y!&1PI . ~14!

In momentum spaceDab
21(P)5dab

„D0
21(P)1S(P)…. Thus,

we can read the dispersion relation from the retarded pro
self-energyS ret(v,p) which can be obtained from the eu
clidean counterpart by analytic continuation asS ret(v,p)
5S(p052 iv101,p). If the retarded inverse propagato
has a zero located atv5v(p)2 ig(p) with g(p).0 we get

v2511 Re S ret~v5p!/p2 , ~15!

g~p!52 Im S ret~v5p!/2p . ~16!

Then the speed of the pions in the chiral limit is

v2512
T4

Fp
4 S 1

27
logS m

T D1
64p2

45
„L1

r ~m!12L2
r ~m!…

2
101

4860
1

2gE

81
2

1

81
log~16p!2

8

9
z8~21!

2
200

27
z8~23!2

20

9p4
z8~4!D 1O~p!. ~17!

This is the main result of this letter. The scalem enters the
calculation in such a way that, had we used a different sc
m8 but kept the speed invariant, we would have had

Li
r~m8!5Li

r~m!2 ~g i /16p2! log~m8/m!, ~18!

which is the correct result for the running chiral coefficien
At the scale of the mass of the pion,m5mp , we take@11,6#
32p2(L1

r 12L2
r ).1.66 to yield

v2512 ~T4/27Fp
4 ! log~L/T!, ~19!

FIG. 2. Diagram contributing fromL4.
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with L.4300 MeV. Notice that we have obtained an an
lytic expression

2
101

4860
1

2gE

81
2

1

81
log~16p!2

8

9
z8~21!

2
200

27
z8~23!2

20

9p4
z8~4!.20.0538, ~20!

for the constant in Eq.~17!. This constant was computed b
numerical integration in@6#, where the value20.0202 is
given. This discrepancy explains the difference in the sc
L from 1.8 GeV to 4.3 GeV. However, this difference b
tween logarithmic scales has a moderate impact on the q
titative behavior of the pion speed in the range of tempe
ture where this calculation can be trusted. Thus, the cha
produced inv2 is less than 6% up toT;100 MeV.

The pion damping rate can also be computed easily wit
the imaginary time formalism at leading order. The result
g(p)5p2T3log(T/p)/(18pFp

4 )1O(p3) in agreement with
the one previously reported in@2,10#.

How do we extend these results to the case of nonz
quark masses? In principle, this question could be answe
by considering the new graphs coming from the break
part of the effective LagrangianLbreaking5Fp

2 /4 Tr@xU†

1x†U#1 . . . , wherej52Bm, with m the quark mass ma
trix. However, the use of background field perturbati
theory which in the chiral limit greatly reduces the numb
of graphs to be computed, does not seem to simplify
computation now, since the LagrangianL(p̃,j,x) obtained
after the splitting ofU has lost its~local! invariance under
chiral transformations. Moreover, the integrals involved a
complicated by the pion mass, making their analytical co
putation more difficult. We hope to address this question
the future.

Discussions with M. A. Gon˜i and J. L. Mañes are grate-
fully acknowledged. J.M.M. was supported by a UPV/EH
grant. This work has been also partially supported by CIC
under project No. AEN96-1668 and the University of th
Basque Country grant UPV-EHU 063.310-EB225/95.

APPENDIX

To do our calculations we follow Arnold and Zhai@7#
which allows us to evaluate the sum-integrals analytica
We can rewritte Eq.~10! ~without the factors in front of it! as

1
4 TrQD~Q!@PmPnPmn~Q!

13~PQ!2P~Q!12P2TrKD~K !#, ~A1!

where

Pmn~Q!5TrQ@~2K1Q!m~2K1Q!nD~K !D~K1Q!#

22 dmnTrKD~K !, ~A2!

P~Q!5TrKD~K !D~K1Q!. ~A3!
1-3
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We start with the term proportional toP(Q). As the result is
independent of the direction ofpW we average over its angle
in d21 dimensions,

TrQ~p0q01pW qW !2D~Q!P~Q!

5S p0
22

p2

d21DTrQ q0
2P~Q!D~Q!1

p2

~d21!
TrQ P~Q!.

~A4!

Following @7# we split P(Q) into two terms

P~Q!5P~0!~Q!1P~T!~Q!, ~A5!

where P (0)(Q) is the zero-temperature contribution an
P (T)(Q)5P̃ (T)(Q)1PUV(Q) is the temperature depende
piece. AlthoughP (T)(Q) is UV finite, its large-Q asymptotic
behaviorPUV(Q);1/Q2, gives rise to a UV divergence in
TrQq0

2P (T)(Q)D(Q). Thus, it is useful to evaluate separate
the three contributions,

TrQq0
2D~Q!P̃~T!~Q!5

T4

1080
~713gE11440z8~23!

1180z8~21!!1O~e!, ~A6!

TrQq0
2D~Q!P̃UV~Q!52

19T4

2160
2

T4

720

1

e
2

T4gE

360
2

T4

360

3 logS m2

2 T2D 1
T4

4p4
z8~4!1O~e!,

~A7!

TrQq0
2D~Q!P~0!~Q!52

T4

480

1

e
2

T4

80
1

T4gE

240

1
T4

240
log~4 p!2T4z8~23!

2
T4

120
logS m

T D1O~e!. ~A8!

The remaining integral in Eq.~A4! gives

TrQP~Q!5S TrK

1

K2D 2

5
T4

144
1O~e!. ~A9!
09790
Now we have to evaluate TrQD(Q)PmPnPmn(Q). We
can use the orthogonality propertyQmPmn(Q)50 to trans-
form it into ~after the average over the angles ofpW )

TrQPmPnPmn~Q!D~Q!52
5

432
p2T41S p0

22
p2

~d21! D
3TrQP00D~Q!, ~A10!

where has been used TrQD(Q)5T2/12. Following the same
steps as for the case ofP(Q) we get:

TrQP̃T
00D~Q!52

T4

1080
~1221gE22880z8~23!

2540z8~21!!1O~e!, ~A11!

TrQPUV
00 D~Q!52

7T4

720

1

e
2

7gET4

360
1

17T4

2160
1

7T4

4 p4
z8~4!

2
7T4

360
logS m2

2T2D 1O~e!, ~A12!

TrQP0
00D~Q!52

T4

1440

1

e
2

T4

3
z8~23!1

gET4

720
2

11T4

2160

2
T4

720
logS m2

4pT2D 1O~e!. ~A13!

Adding up all contributions we finally obtain the result give
in Eq. ~11!.

The contribution from the counterterms is proportional
TrQ(PQ)2D(Q). This is required up to ordere because of
the pole in (L112L2),

TrQ~PQ!2D~Q!5S p0
22

p2

~d21! DTrQS q0
2

Q2D 1
p2

~d21!
TrQ1,

~A14!

where the last term is zero in dimensional regularization. T
other term gives

TrQ~PQ!2D~Q!5
4p2p2

90 S 11eS 240z8~23!2gE

1logS m2

4pT2D 1
13

6 D D . ~A15!
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